We present a generalization of the so-called Maxwellian extended Bargmann algebra by considering a non-relativistic limit to a generalized Maxwell algebra defined in three spacetime dimensions. The non-relativistic Chern-Simons gravity theory based on this new algebra is also constructed and discussed. We point out that the extended Bargmann and its Maxwellian generalization are particular sub-cases of the generalized Maxwellian extended Bargmann gravity introduced here. The extension of our results using the semigroup expansion method is also discussed.
Introduction
There has been a growing interest in exploring non-relativistic (NR) gravity theories . In three spacetime dimensions, gravity models can be formulated using the Chern-Simons (CS) formalism [29] [30] [31] offering a simpler framework to construct non-relativistic gravity actions. Furthermore, three-dimensional CS gravity theories can be seen as interesting toy models to approach higher-dimensional theories.
The construction of a proper finite NR CS action without degeneracy may require to enlarge the field content of the relativistic theory [32] [33] [34] . In the case of three-dimensional Einstein gravity without cosmological constant, it is necessary to consider two additional U (1) gauge fields in order to define a consistent NR limit leading to the so-called extended Bargmann gravity [35, 36] . The incorporation of a cosmological constant modifies the theory to the so-called extended Newton-Hooke gravity [37] [38] [39] [40] [41] [42] [43] . More recently, a NR version of a three-dimensional gravity theory coupled to electromagnetism has been presented in [44] describing what they called as Maxwellian extended Bargmann (MEB) gravity. Such NR theory requires to introduce three extra U (1) gauge fields to the Maxwell algebra.
The Maxwell algebra has been introduced in [45] [46] [47] in order to describe a Minkowski space in the presence of a electromagnetic field background. In three spacetime dimensions, a CS gravity action without cosmological constant invariant under the Maxwell algebra has been presented in [48] [49] [50] whose general solution and asymptotic structure have been studied in [51] . More recently, an isomorphic (dual) version of the Maxwell algebra denoted as Hietarinta-Maxwell algebra has been of particular interest for exploring spontaneous breaking of symmetry [52, 53] .
A generalization of the Maxwell algebra has been introduced in [54, 55] and has been denoted as B 5 algebra. This generalization is characterized by the presence of an additional generator with respect to the Maxwell algebra. Interestingly, the aforesaid algebra belongs to a larger family of algebras denoted as B k where B 4 and B 3 are the Maxwell and Poincaré algebras, respectively. Such family has been useful to recover standard General Relativity without cosmological constant from a CS and Born-Infeld gravity theory [55] [56] [57] [58] . Subsequently, the coupling of spin-3 gauge field to B k CS gravity models in three spacetime dimensions has been explored in [59] .
It is natural to address the question whether such generalized Maxwell algebra admits a welldefined NR version in three spacetime dimensions. Here we show that the relativistic theory has to be enlarged with four U (1) gauge fields in order to apply an Inönü-Wigner (IW) contraction [60, 61] leading to a non-degenerate and finite NR CS gravity theory. The new symmetry obtained corresponds to a generalization of the MEB algebra and has been called GMEB algebra.
An alternative way to find the GMEB symmetry is also discused considering the semigroup expansion method (S-expansion) [62] [63] [64] [65] [66] and following the procedure used in [67] . As was shown in [67] , a generalized family of NR algebras, that we have denoted as generalized extended Bargmann algebra, can be obtained using the S-expansion procedure. In particular, we show that the extended Bargmann, the MEB and the GMEB algebras are particular sub-cases of this family of NR algebras. The expansion procedure considered here can be seen as a general method allowing to classify diverse NR symmetries by providing the proper NR limit and the additional gauge fields required in the relativistic theory. Interestingly, the S-expansion method provides not only with the commutation relations of the new NR algebras but also with the non-vanishing components of the invariant tensors which are essential to the construction of NR CS actions.
The paper is organized as follows: in Section 2, we give a brief review of the generalized Maxwell algebra. The corresponding relativistic CS action and its U (1) enlargement are also presented. Sections 3 and 4 contain our main results. In particular, in Section 3 we present the contraction process leading to the GMEB gravity theory. The family of NR algebras obtained through the semigroup expansion procedure is presented in section 4. Section 5 concludes our work with some discussion about possible future developments.
Relativistic gravity and generalized Maxwell algebra
In this section we briefly review the generalized Maxwell algebra and present the construction of a three-dimensional CS gravity action invariant under such algebra.
A generalization of the Maxwell algebra has been first introduced as the B 5 algebra in [54, 55] . It is characterized by the presence of the spacetime rotations J A , the spacetime translations P A , the so-called Maxwell gravitational generator Z A and a new type of generator that we have denoted as N A . The generators of the generalized Maxwell algebra satisfy the following non-vanishing commutation relations:
where A, B, C = 0, 1, 2 are the Lorentz indices which are raised and lowered with the Minkowski metric. Here ǫ ABC corresponds to the Levi Civita tensor which satisfies ǫ 012 = −ǫ 012 = 1. It is interesting to point out that the commutator [P a , P b ] is proportional to the Maxwell gravitational generator Z A as in the Maxwell algebra. Nevertheless, the commutator [Z A , P B ] is no longer zero due to the presence of the new generator N A . Furthermore, unlike the AdS-Lorentz algebra [68] [69] [70] , this generalization is not a deformation of the Maxwell algebra and then does not reproduce the Maxwell symmetry through a contraction process. Although this algebra and its generalizations have been explored with diverse applications, a three-dimensional CS gravity action based on this generalization of the Maxwell algebra has not been explicitly presented. A CS action in three spacetime dimensions reads
where · · · denotes the invariant trace and A = A a T a corresponds to the gauge connection oneform. In our case, the connection one-form A is given by
where W A is the spin connection one-form, E A is the vielbein, K A is the so-called gravitational Maxwell gauge field and U A is the new gauge field along the Abelian generator N A . The respective curvature two form
where the Lorentz curvature R A (W ), the torsion R A (E) and the curvatures along the generators Z A and N A are respectively given by
Here
In order to construct the relativistic CS gravity action invariant under the algebra (2.1) we shall consider the most general non-vanishing components of the invariant tensor [55] 
where α 0 , α 1 , α 2 and α 3 are arbitrary constants. Then, considering the gauge connection one-form (2.3) and the invariant tensor (2.6) in the general form of a CS action (2.2), one gets
One can see that such relativistic CS action contains four independent sectors proportional to α 0 , α 1 , α 2 and α 4 . In particular, the term proportional to α 0 corresponds to the so-called exotic Einstein action [30] . The term along α 1 is the usual Einstein-Hilbert term and corresponds to the CS action based on the Poincaré symmetry. On the other hand, the Maxwellian gravitational gauge field has contribution in the Maxwell CS action proportional to α 2 [44, 48-51, 71, 72] and to the new term α 3 . The new gauge field U A appears only along the α 3 term together to the cosmological constant term. Let us note that each sector is invariant under the generalized Maxwell algebra (2.1). Indeed, one can show that the CS action (2.7) is invariant under the following infinitesimal gauge transformations:
The field equations coming from (2.7) read
which imply the vanishing of every curvature when α 3 = 0. The study of a NR limit, as in the Maxwell and Poincaré cases, requires to introduce U (1) gauge fields in order to avoid infinities and cancel divergences. Such enlargement will allow to define a proper NR limit whose NR algebra will admit non-degenerate bilinear form.
U(1) enlargements
Let us now consider a particular U (1) enlargement of the generalized Maxwell algebra by adding four extra U (1) one-form gauge fields to the field content as
(2.10)
The new relativistic algebra, [generalized Maxwell]⊕u (1) 4 algebra, admits the non-vanishing components of the invariant tensor (2.6) along with
Considering the gauge connection one-form (2.10) and the invariant tensor given by (2.6) and (2.11) in the general expression of the CS action (2.2), we find the following relativistic CS gravity action
In the next section, we shall see that the presence of these abelian gauge fields are essential to obtain, after a contraction procedure, a well-defined NR version of the generalized Maxwell algebra without degeneracy. Furthermore, we will show that there is a relation between the number of U (1) generators required in the relativistic theory and the number of elements of the semigroup involved in the semigroup expansion method.
Non-relativistic generalized Maxwell Chern-Simons gravity
In this section, we shall consider the IW contraction of the previously introduced relativistic algebra, and we will obtain a NR version of the [generalized Maxwell]⊕u (1) 4 algebra. Then, we will consider the construction of a NR CS action based on the aforesaid NR algebra. For this purpose, we will provide with the non-vanishing components of the invariant tensor, which are derived as an IW contraction from the relativistic invariant tensor (2.6).
Generalized Maxwellian exotic Bargmann algebra
In the previous section, we have presented an U (1) enlargement of the relativistic generalized Maxwell algebra. Here, we will obtain the NR version of this algebra. To this aim, we will introduce a dimensionless parameter ξ, and we will express the relativistic generators {J 0 , J a , P 0 , P a , Z 0 , Z a , N 0 , N a , Y 1 , Y 2 , Y 3 , Y 4 } as a linear combination of new generators involving the ξ parameter.
As in refs. [44, 73] , we define the IW contraction process through the identification of the relativistic generators defining the [generalized Maxwell]⊕ u(1) 4 algebra, with the NR generators (denoted with a tilde) as
Considering this redefinition and applying the limit ξ → ∞, the contraction of the [generalized Maxwell]⊕u (1) 4 algebra leads to a new NR algebra. In particular, the NR generators satisfy the following commutation relations,
where we have defined ǫ ab ≡ ǫ 0ab , ǫ ab ≡ ǫ 0ab , while a = 1, 2. This is a novel NR algebra which we shall call as generalized Maxwellian extended Bargmann (GMEB) algebra. From (3.2) we can see that it contains four central extensions given byM ,S,T andṼ , which are related to the four extra U (1) generators. Let us note that the extended Bargmann algebra [35, 36] can be recoverred by settingZ =Z a =T =Ñ =Ñ a =Ṽ = 0. On the other hand, if we setÑ =Ñ a =Ṽ = 0, the Maxwellian Extended Bargmann algebra is obtained [44] . As we shall see, the presence of the central charges assures to have non-degenerate invariant bilinear form.
Non-relativistic generalized Maxwell Chern-Simons action
In order to construct a CS action for the GMEB algebra we need the NR invariant tensor. The diverse components can be obtained from the contraction (3.1) of the relativistic invariant tensor (2.6). The non-vanishing components of a non-degenerate invariant tensor for the GMEB algebra are given by where the relativistic parameters α's have been rescaled as
4)
As in [44, 73] , such rescaling is done in order to have a finite NR CS action. Now we are ready to construct the aforesaid CS action. The NR one-form gauge connectionÃ reads A = τH + e aP a + ωJ + ω aG a + kZ + k aZ a + fÑ +f aÑ a + mM + sS + tT + vṼ .
(3.5)
The corresponding NR curvature two-form is then written as
where The NR CS action invariant under the GMEB algebra can be computed by replacing the NR oneform connection (3.5) and the invariant tensor (3.3) in the general expression for the CS action in three spacetime (2.2), or by taking the NR limit directly in (2.12) . In both cases, the resulting NR CS action is given by
From (3.8), we see that it contains four independent sectors, each one of those proportional to an arbitrary constantα i . The first term corresponds to the NR version of the Exotic gravity [30] which is denoted as NR exotic gravity. The second term proportional toα 1 reproduces the extended Bargmann gravity action [35, 36] , while the third term is the MEB gravity action introduced in [44] .
The new gauge fields f a , f and v, appear explicitly in the last term proportional toα 3 , which corresponds to the CS action for the new NR generalized Maxwell algebra. Note that the GMEB allows to include a cosmological constant term alongα 3 . At the level of the gauge fields one can see that the relativistic gauge fields can be expressed in terms of the NR ones as follows
in order to have that A =Ã. Then considering the rescaling of the relativistic parameters as in (3.4) and considering (3.9) in the relativistic CS action (2.12), we find the NR CS action (3.8) after applying the limit ξ → ∞.
As an ending remark, one could consider, as in the Maxwell case, the inclusion of three gauge fields in the relativistic generalized Maxwell algebra and then study its NR version. Although a NR limit of the [generalized Maxwell]⊕u (1) 3 gravity theory could be defined, it is possible to show that the respective NR gravity theory has a degenerate bilinear form. Such feature would imply that the equations of motion from such NR theory do not determine all the dynamical fields. Then, in order to have well-defined field equations we need non-degenerate invariant tensor which requires to consider a CS action based on the [generalized Maxwell]⊕u (1) 4 algebra as the relativistic gravity theory. In particular, we have that the field equations of the GMEB theory are given by the vanishing of each curvature (3.7).
Generalized family of non-relativistic algebras and semigroup expansion
In this section, following the procedure used in [67, 73] , we review a generalized family of NR algebras by considering the semigroup expansion (S-expansion) method [62] . Then, we extend the results obtained in [67] by showing that the S-expansion not only allows to obtain expanded NR algebras but also provides with their relativistic versions and the appropriate rescaling of the generators allowing a proper NR limit.
The S-expansion procedure consists in obtaining a new Lie algebra G = S × g, by combining the elements of the semigroup S with the structure constants of a Lie algebra g. Here, we consider the Nappi-Witten algebra [74, 75] as the original algebra g which can be seen as a central extension of the homogenous part of the Galilei algebra. The Nappi-Witten algebra is spanned by the set of generators J ,G a ,S which satisfy the following non-vanishing commutation relations,
whereJ are spatial rotations,G a are galilean boosts andS is a central charge. Such algebra can be obtained as a contraction of an U (1)-enlargement of the Lorentz algebra through the identification of the [Lorentz]⊕u (1) generators with the Nappi-Witten ones as
Then the Nappi-Witten algebra is obtained after applying the limit ξ → ∞. One can see that the non-vanishing components of a non-degenerate invariant tensor of the Nappi-Witten algebra read
In what follows, we shall review the family of NR symmetries obtained as S (N ) E -expansions of the Nappi-Witten algebra [67] . We shall denote such family as generalized extended Bargmann GEB (N ) algebra. Interestingly, we will see that the extended Bargmann, the MEB and the GMEB algebra previously introduced in the previous section are particular cases of the GEB (N ) algebra. Furthermore, we will show that the same semigroup can be used at the relativistic level providing with the relativistic version of the GEB (N ) algebra. Before approaching the family of NR algebras and their respective NR CS actions, we first show that the GMEB algebra can alternatively be obtained by expanding the Nappi-Witten algebra.
Generalized Maxwellian exotic Bargmann gravity from semigroup expansion
Let S
(3) E = {λ 0 , λ 1 , λ 2 , λ 3 , λ 4 } be the relevant semigroup whose elements satisfy the following multiplication law
4)
being λ 4 = 0 S the zero element, such that 0 S λ α = 0 S . An expanded algebra can be obtained after performing a 0 S -reduction to the S
E -expansion of the Nappi-Witten algebra following the definitions of [62] . The expanded generators J ,G a ,H,P a ,Z,Z a ,Ñ ,Ñ a ,S,M ,T ,Ṽ are related to the Nappi-Witten ones through the semigroup elements as
Let us note that the 0 S -reduction condition implies that 0 S T A = 0, with T A being a generator of the original algebra. Using the commutation relations of the Nappi-Witten algebra (4.1) and the multiplication law of the semigroup (4.4), one can show that the expanded generators satisfy the GMEB algebra (3.2) previously introduced.
Interestingly, the S-expansion procedure can also provide with the non-vanishing components of the invariant tensor for the expanded algebra. Indeed, considering the Theorem VII of [62] , it is possible to express the invariant tensor of the expanded algebra in terms of the Nappi-Witten ones (4.3) as
where T
(ν)
A are the corresponding expanded generators, α γ are arbitrary constants and K γ νµ is the 2-selector for S Then one can see that the non-vanishing components of the invariant tensor for the expanded algebra are those of the GMEB algebra given by (3.3) . Thus, the S
E -expansion of the Nappi-Witten algebra provides not only with the commutation relations of the GMEB algebra but also with its invariant tensor which is the crucial ingredient for the construction of a CS action.
Generalized Extended Bargmann family
A family of generalized extended Bargmann algebra can be obtained by S-expanding the Nappi-Witten algebra (4.1) considering S (N ) E = {λ 0 , λ 1 , λ 2 , . . . , λ N, λ N +1 } as the relevant semigroup [67] . In particular, the elements of the semigroup S (N ) E satisfy the following multiplication law
with λ N +1 ≡ 0 S being the zero element of the semigroup such that 0 S λ α = 0 S . An expanded algebra is found by performing a 0 S -reduction to the S (N ) E -expansion of the Nappi-Witten algebra. The expanded NR algebra is spanned by the set of the generators J (i) ,G (i) a ,S (i) with i = 0, . . . , N . Such NR generators are related to the Nappi-Witten ones through the semigroup elements as
Then, using the multiplication law of the semigroup (4.8) and the original commutators of the Nappi-Witten algebra (4.1), one can show that the expanded NR algebra satisfy the following non-vanishing commutation relations
for i + j < N + 1 .The expanded NR algebra can be seen as a generalization of the extended Bargmann algebra and is denoted as GEB (N ) algebra.
Interestingly, one can show that the extended Bargmann algebra [35] is obtained for N = 1. Indeed, we have that the GEB (1) algebra, which is given by
corresponds to the extended Bargmann algebra by identifying the generators as
On the other hand, for N = 2, one can see that the GEB (2) algebra corresponds to the MEB algebra introduced in [44] , which is given by (4.11) along with
where one can consider the identification (4.12) together with
The GMEB algebra presented here can also be seen as a particular case of the GEB (N ) algebra. In fact, as we have previously shown, the GMEB algebra appears as a S Interestingly, the GEB (N ) algebra is the respective NR version of U (1)-enlargements of the so-called B N +2 algebra introduced in [54, 55] ,
Let us note that the Poincaré, Maxwell and generalized Maxwell algebras are the B 3 , B 4 and B 5 algebras, respectively. Moreover, analogously to [73] , the S (N ) E semigroup used to obtain the GEB (N ) algebra is the same used to find the B N +2 algebra from the Lorentz algebra. Such particularity also appears for infinite-dimensional (super)algebras [76] [77] [78] and algebras coupled to spin-3 [59] . It is interesting to point out that the number of additional U (1) generators appearing in the relativistic algebra is related to the N + 1 elements of the semigroup S (N ) E . This is due to the fact that the B N +2 ⊕ u (1) N +1 algebra can be recovered as a S Let us note that the S-expansion procedure can also provides with the proper NR limit (3.1) leading to the GEB (N ) algebra in terms of the contraction process (4.2) allowing to obtain the Nappi-Witten algebra. As we have previously mentioned, the Nappi-Witten algebra can be found as an IW contraction of the [Lorentz]⊕u (1) algebra. Interestingly, the identification of the relativistic generators defining B N +2 ⊕ u (1) N +1 algebra, with the NR generators (denoted with a tilde) can be defined as
with i = 0, 1, . . . , N . Here, the relativistic generators are related to the [Lorentz]⊕u (1) ones through the elements of S
Thus, the semigroup S (N ) E leads to the proper U (1)-enlargement of the relativistic theory which leads to a non-degenerate and finite NR gravity theory. One can check that for N = 1, 2, 3 we recover the contraction process for the extended Bargmann, MEB and GMEB, respectively.
On the other hand, as we have previously noted, an additional advantage of the S-expansion method is that it provides with the invariant tensors of the expanded algebra which are crucial for the construction of a CS action. Thus, following Theorem VII of [62] , one can show that the non-vanishing components of the invariant tensor of the GEB (N ) algebra is given by
for i + j < N + 1. Then the NR CS action based on the GEB (N ) algebra expressed in term of the gauge connection one-form A = ω (i)J (i) + ω a(i)G (i) a + s (i) S (i) is given by
with i = 0, 1, . . . , N . The NR CS gravity action contains i independent sectors each one invariant under the GEB (N ) algebra. In particular, the term proportional to α 0 corresponds to the NR exotic gravity action. The terms proportional to α 1 and α 2 are the extended Bargmann gravity [35, 36] and MEB gravity [44] actions, respectively. The NR CS action for the GMEB algebra previously defined appears along α 3 . On the other hand, for 3 < i ≤ N , the additional gauge fields related to
a and S (i) appear explicitly alongα i , corresponding to the respective NR CS action for the GEB (i) algebra. Let us notice that a general expression for the CS action based on an expanded Nappi-Witten algebra for a semigroup S has been presented in [67] .
Conclusions
In this paper we have presented a generalization of the Maxwellian extended Bargmann gravity introduced in [44] . We have explicitly shown that this NR symmetry, that we have denoted as GMEB, can be obtained as an IW contraction of the [generalized Maxwell]⊕u (1) 4 algebra. To this end, we first presented the CS gravity action invariant under the generalized Maxwell algebra. Then, we constructed an U (1)-enlargement which is required to have a well-defined NR limit. Interestingly, the GMEB gravity theory contains the MEB and the extended Bargmann theories as sub-cases. The GMEB algebra belongs to a generalized family of NR algebras which can be obtained by expanding the Nappi-Witten algebra [67] . Here, we have shown that the expansion procedure based on semigroups is a powerful tool in the NR context since it provides not only with the commutation relations and invariant tensor of the expanded NR algebras, but also with the respective relativistic algebra required to obtain non-degenerate finite NR gravity theories.
Our results could be useful in the presence of supersymmetry. The construction of proper NR supergravity models are non-trivial and have only recently been approached. In particular the respective NR superalgebras have mainly been constructed by hand in three spacetime dimensions [12, 21, 25, 32, 35, 43] . The expansion method considered here could not only be used as an alternative and straightforward way to obtain known and new NR superalgebras but also to construct NR supergravity actions. Furthermore, it could bring invaluable information about the relativistic versions and the respective NR limits as in our case. Let us notice that the Lie algebra expansion method using the Maurer-Cartan equations [79, 80] has also been used in the NR context with diverse interesting results [81] [82] [83] [84] .
Let us note that, as was shown in [67] , the GEB (N ) algebra appears as a IW contraction of another family of NR algebras denoted as generalized Newton-Hooke. Then, another aspect that deserved to be explored is the derivation of this generalized Newton-Hooke algebra as an IW contraction of a family of relativistic algebras. One could conjecture that, similarly to our results, the semigroup procedure could be useful to elucidate the appropriate U (1)-enlargement of the relativistic family.
Regarding the relativistic generalized Maxwell gravity theory, it would be interesting to explore its general solution and asymptotic symmetry. In particular, one could analyze the influence of the additional gauge field in the vacuum energy and angular momentum, and compare them to those of General Relativity [85, 86] and usual Maxwell theory [51] . One could expect that the asymptotic structure is given by the infinite-dimensional enhancement of the B 5 algebra introduced in [76] .
